Abstract-Recently, a one-dimensional model was developed which gives a reasonable explanetiotl for the existence of a Critical Size Defect (CSD) in certain animals [l]. In this paper. we examine the Inore rea.listic two-dimensional model of a circular wound of uniform depth to see what modifications are to be found, as compared with the one-dimensional model. in studying the CSD phenomenon. It t.ranspires that the range of CSD sizes for a reasonable estimate of parameter values is 1 mm-1 cm More realistic estimates await the appropriate experimental data.
INTRODUCTION
This paper is an attempt to construct a simple two-dimensional mathematical model of wound healing or tissue regeneration. This extends earlier work [l] to more realistic circular geometry, i.e.. the cases of both a circular gouge and the emire removal of a circular port,ion of bone. and a circular gouge with some bone left in the wound area.
The time-development of the wound is not addressed here, we examine the conditions (e.g., wound size) under which tissue regeneration occurs. The primary objective is to find in each case a critical radius beyond which no healing occurs--the definition of a CSD.
The first model examined corresponds t)o a circular cylinder (with depth equal to the bone t,hickness) of bone being removed, so that no bone tissue remains in the vacated area. The second model allows some bone to remain in the excavated area, i.e., the cylinder thickness is less than that of the bone, (this is what is termed a gouge).
In each model we will assume, following [l] , the existence of a thin ring of width (? which influences the mitotic activity up to the wound edge. In the models that follow, C(T. t) will represent the concentration of a generic growth stimulator, where 0 < T 5 R, R being the wound ratlius, and t being time, both in appropriate units.
THE NORMAL WOUND HEALING PROCESS
Bone is one of the tissues of the body capable of repairing itself. The process of bone healing involves new growth of cartilage-like cells called a sleeve, formed on the outer surface of the wound.
0895-7177/1999/$ -see front matter @ 1999 Elsevier Science Ltd. All rights reserved. Typeset by A,&-T@ PII: 00197-l This usually occurs during the first few days after a wound has occurred. The gap between the sleeve of new bone is invaded by embryonic tissue which forms a bridge of connective tissue. This generally takes seven to ten days. The third stage of bone regeneration is the hardening or calcification of the fibrocartilage. This begins at the wound edge and moves toward the center.
This usually occurs three to four weeks after the wound's birth. The next stage is calcification.
During this stage the vascular system penetrates the fibrocartilage which causes it to be broken down and absorbed while the area is now replaced with a fiber bone. This takes place during the sixth to eighth week. Finally, the newly formed fiber bone is gradually changed to a rigid bone and eventually to normal bone within two months to two years. In nonunions, the calcification process fails to occur leaving the gap with fibrous tissue or fibrocartilage [2] . in [l] where the parameters D, A, and P, and the source term S are defined below for the present problem. It was found that for C(L/2) L 0, 6 2 6, = CX-iln(n/(n -1)) with domain n 2 1, where the parameter n is determined by P, A, and 0. Clearly, 6, is a lower bound for the GF active region. In the second model, where it is assumed some bone remains in the wound area [O,L/2], C(L/2) 2 0 produces a critical length, L,, where L, = au-'ln((N(S))/(2 -N(S)) where N(6) = n [l -ema6] . For further details see [l] .
SUMMARY OF THE 1-D MODEL

PARAMETER ESTIMATES
Some reasonable values for the parameters P, A, and 19 were found in [l] to be as follows: X = 1.6 x low5 set-r (based on [3, 4] work that the estimated half-life of chemical decay is about 12 hours; thus, X = (ln2)/12 hr-l which yields the preceding value). An approximate value for D, the diffusion parameter is D M 5 x 10W7 cm2 set-' which gives o M 6 cm-l.
The most difficult parameter to access is P/B. A reasonable estimate is P/6' > 1.6 x 10h5 set-' [l].
BASIC
CONFIGURATIONS: MODEL I
We position the center of the circle at the origin. A wound disk of radius R is removed. As indicated earlier, we suppose that a generic "growth factor" (GF) is produced as a result of the trauma to the system, and it is the distribution of this growth factor that determines whether or not wound healing occurs in this model. The differential equation describing the space and time distribution of the growth factor concentration Cfr. t) is where D, A, and P are, respectively, the diffusion coefficient for the GF in the tissue, the decay or depletion rate of the GF, and the production rate of GF by the enhanced mitotically active cells in the vicinity of the wound edges. These are assumed to be constant in both models. Furthermore, S(T) is the source term describing the distribution of GF production throughout the active tissue. In both models this is assumed to be uniform; thus, S(r) = 1, for R 5 T 5 R + 6, S(r) = 0, elsewhere, 6 being the width of the active layer. In equation (l), the time rate of change of GF concentration is not included because WC are invoking the diffusive equilibrium approximation; full details and the justification for this ca.n be found in [l] . The second term describes the spatial change due to diffusion, and the third t,erm is the depletion or decay rate of GF as it interacts with the system as a whole, and is changed or removed.
MODEL I: EQUATIONS AND SOLUTIONS
If o2 = X/D, then equation (1) can be written as
'I'hcj boundary conditions are ?? C(r) and (dC(r))/(dr) are both continuous at R + S, 0 limr_-,oo C(r) = 0,
The first two conditions are obvious requirements.
The third condition implies that there is no flux (number of molecules crossing unit area in unit time) at the wound edge. The second model mill modify this restriction as we will permit tissue in the wound area capable of dispersing GF. In terms of the dimensionless variable z = CYT, equation (2) becomes (Z) (?J
The homogeneous solutions are modified Bessel functions of order zero. After some algebra, the solution can be written as
for r > R + 6 where ,!36 = (IoK + Kol,)(a(R + 6)).
For the parameter values P, X = 1, aR = 2, and cy0 = .5 the graph of C(r) can bc seen in Figure 1 . Using equation (4), we apply the criterion that where 0 represents a threshold value above which wound healing will occur for values of I' satisfying this condition. The resulting equation is
using standard identities for the [5] , the second term in equation (6) simplifies to
0.4
Cl ( If aR = y and a6 = E, then equation (7) can be written as
where
n = (P)/(M).
W e examine equation (7) as a function of E = aS, from which we can find a lower bound 5, (6 critical) for the width 6 above which healing can occur. It is not possible to obtain an explicit expression for 6, in general, but if 6 is small compared with R, then we may use first-order Taylor polynomials to simplify the Bessel functions. Thus, to first order in E,
The graph of ~6~ is given in Figure 2 .
Note that if E = a&, satisfies inequality (8), i.e., Q(E) < 1 -l/n, then a6 > CXS, satisfies Q(E) < 1 -l/n for all 6. This follows despite the fact that Kl(y + E) is monotone decreasing in E, while (y + E) is monotone increasing in E. The derivative of (y + E) Kl (y + E) is -(y + E) Ko (y + E), hence,
E 1s monotone decreasing in F. Thus, Q(aS,) > Q(a6) since CM?, 5 a6 for all 6. Hence, &(a@ 5 Q(ctS,) 5 1 -l/n for all S. Large values of n denote an active production rate which would certainly be necessary for healing. In Figure 3 , the graph of Q(E) from equation (8) is illustrated for the parameter values y = 2 and n = 2.
A comparison of the values from the graph of equation (8) referred to as ((~6~)~ (with no approximation except rounding) and the values from equation (9) referred to as nS, are given in Table 1 .
Using this value of S,, a representative for R,-values can write
can be sought. Using equation (8), we By substituting (Kl(y))/(nKo(y)) f or E in equation (10) and simplifying the result, Q(y) becomes (11) the graph of which is given in Figure 4 .
The parameter value used for Figure 4 is n = 1.5.
Solving for y from equation (11) is not feasible, analytically, at least. However. observe that, the graph of Figure 4 resembles that of a rational function. Thus, by finding a rational funct,ion which approximates Q(y), it should be possible to approximate R, by an explicit, formltla.
A rational function which approximates Q(y) for various parameter values is for suitable CL and b, both positive. Solving b -a/y 5 1 -l/n for y, the formula for nR, or y, is
In Figure 5 , for n = 1.5 F(y) = .523 -y ant1 y z .253 while graphical methods give y x .252. Some additional comparisons are given in Table 2 . An interesting observation is that using the minimum value for aS, will always produce a CSD because of the dependence on n. in the equation.
(See equation (ll).) For 72, very large, e.g., n = 200, the graph of equation (11) is shown in Figure 6 .
If we choose an ~6 > a6, such as (,kKl(y))/(nKo(y)) for 0 > 1, it is possible to create graphs which show no CSD is possible. For example; for n = 2 and p = 1: 1.2. and n
(which is true from an earlier conjecture) graphs are given in Figure 7 . Thus, using an a6 value larger than the minimum might yield a situation modeling complete healing. For 0 = 1, Q(y) represents CYS, substituted for E. For 0 = 1.2, Ql(y) represents a situation which shows the existtxnce of a CSD. For fi = 72, Qz(y) is exhibiting a graph with no CSD.
MODEL II: EQUATIONS AND SOLUTIONS
In this model, as indicated above, there is still some tissue in the wound interior for r < R. It is merely a passive environment into which GF can diffuse. As before, the ring from the Tvound edge at R to R + 6 is the domain of GF production. Figure 4 reproduced for n =200. The purpose of this graph is to illustrate the existence of a CSD no matter how large an n is chosen. 
(15)
A typical graph of C(T) using parameter values P, X = 1, cuR = 12, and a6 = 3 can be seen in Figure 8 .
The requirement C(R) > 6' implies, from equation (14) In this graph n = 3. 
the graph of which is given in Figure 10 (for n = 3).
Again, substituting cd, = E,(Y) from equation (17) for E in equation (16) with n = 3 is (see Figure 12 ). The explicit formula for Y from bY/(c + Y) Table 3 where the (~5,)~ values from the graph show none, the entire graph lay above 1 -(l/n).) Tables 3 and 4 show some values for CUS, and aR, that were found for Model II in the same manner as that of Model I.
RELEVANT EXPERIMENTAL DETAILS
Many experiments on wound healing have been done on rats, rabbits, and dogs, but not much literature has been written on experiments for monkeys or humans. From the literature which we do have, the wound was created in the calvaria, which is the bony part of the cranium from the base of the skull to the forehead. In [6], Prolo implies that humans do not react the same as other animals to calvaria wounds because of a poorer blood supply in the calvaria and some deficiency of bone marrow. This seems to imply that the experiments on the lower mammals may not extend in the same manner to humans. Freeman and Turnbull [7, 8] were the first to attempt the study of CSDs in rat calvaria. In a 500 mg Wilstar albino rat they studied a 2 mmdiameter CSD, which failed to heal in 12 weeks. Mulliken and Glowacki [9] and Glowacki et al.
[lo] found 4mm-diameter to be the CSD in young (28 days old) Charles River rats. Taxaki indicates that there exists a lower bound value for the width of the growth hormone region. and if that width is no less than this value then the GF concentration is such that healing may ~~usuc. This by itself does not ensure complete healing, but that, some healing will occur. Iu this model.
we have shown the dependence of the GF region on the original size of the wound. Obviollsly, this region i.s limited in size by the animal and by the size of the region in the c&aria available to stimulate the GF region. Wounds that are too large may not have enough GF to stinlulat,e complete healing, (i.e., C(R) < 0). It may also be the case, that, C(R) > Q but, due to the, long time (several weeks to years) needed to complete the healing process, the GF region may not be adequate in size. According to both Models I and II, sufficiently large wounds cl(o not have enough GF in proximity to the wound center and to the edge to stimulate and maintain healing growth, and thus, complete the healing process. This creates the CSD.
In earlier work [ 11, a value for IY was estimated from entirely phenomenological collsitlr~r.?t~iorls for illustrative purposes. The basis for this estimate was soft tissue data, and yielded CI = 6 ~:.n-~, Clearly, the CSD phenomenon is confined to bone: and it is reasonable to ask what rangr of ovalues might be appropriate.
Since (1~ = fl th. 1s is equivalent to asking how both X and D change from soft to hard tissue environments. Unfortunately. this data, if known at all. is difficult to come by. The best that can be done at t,his stage is to make some plausible est.imatc~s of t,heir orders of magnitude.
DiEusion processes alone will not suffice in bone to provide nourishment for the osteocytes, but capillaries are never far away: the osteocytes are arranged around central capillaries in concentric layers, which form spindle-shaped units known as ostcons. Thus, pure diffusion is facilitated by the efficient capillary transport system, and we might expect that the effective diffusion coefllcient is enhanced compared with the standard value used in [I] (at least for growth factors of t,h+ same molecular weight). Concerning the decay coefficient X it is even harder to speculate. Gix'en the iucreased average density of bone compared with soft tissrle, the effective decay of GF 7~n.l~ be hindered somewhat (i.e.; X reduced). It is difficult to bc more prccisc at this stage: bllt, again, for the purposes of illustration, we suppose that, compared with the values used in [l], X is halved and D is increased by a factor of five. Thus, we take X z 8 x 10e6 set-' and D x 2.5 x 10FG cm2 see-'. This results in a value of cy M 1.8cm -I. It can be seen from Column 4 in Table 2 , and 4 in this paper, that the dimensionless quantity ctR, ranges from about 0.07 to 0.95; for the above value of Q this corresponds to R, in the range 0.4 mm to 5.3 mm which is certainly of the right order of magnitude for the lower end of the CSD sizes quoted above corresponding to a diameter range of 1 mm-l cm. It must be emphasized however, that our values for Q are only as valid as the values for X and D, and these are estimated.
Clearly, quantitative validation of the consistency of the models in this paper, must await measurement of these parameters based on experimental data. (A subsequent paper will address the three-dimensional problem, this is more appropriate in the context of, for example, surgical excision.)
